IEEE Transactions on Robotics, 2014

Balancing in Dynamic, Unstable
Environments without Direct Feedback
of Environment Information
Umashankar Nagarajan and Katsu Yamane
Abstract—This paper studies the balancing of simple planar bipedal
robot models in dynamic, unstable environments like seesaw, bongoboard
and board on a curved floor. This paper derives output feedback
controllers that successfully stabilize seesaw, bongoboard and curved
floor models using only global robot information and without any direct
feedback of the dynamic environment, and hence demonstrates that direct
feedback of environment information is not essential for successfully
stabilizing the models considered in this paper. This paper presents
an optimization to derive stabilizing output feedback controllers that
are robust to disturbances on the board. It analyzes the robustness of
the derived output feedback controllers to disturbances and parameter
uncertainties, and compares their performance with similarly derived
robust linear quadratic regulator (LQR) controllers. This paper also
presents nonlinear simulation results of the output feedback controllers’
successful stabilization of bongoboard, seesaw and curved floor models.

I. I NTRODUCTION
Balancing and postural stabilization is one of the most widely
researched topics in bipedal robotics [1], [2], [3]. Unlike balancing
in the sagittal (frontal) plane, where bipedal robots can exploit their
legs’ passive dynamics [4], [5], significant active control is essential
to stabilize their motions in the coronal (lateral) plane [6]. Several
balancing control strategies for stabilizing the unstable dynamics of
3D passive dynamic walkers in their coronal planes were presented
in [7]. The balance recovery strategies of humans balancing on
slacklines were studied in [8]. In [9], humans balancing on tightropes
and slacklines were modeled as cart-poles balancing on circular
tracks, and several balancing controllers for these simplified models
were derived.
Momentum based control strategies that successfully stabilize
humanoid robots on non-level, rocking floors were presented in [10],
[11]. They directly determined center of pressure and ground reaction
forces at each support foot to achieve the desired momenta. They,
however, did not deal with unstable environments like seesaw or
bongoboard. Controllers that enable planar bipedal robots to walk on
a rolling cylinder were presented in [12], [13]. Approximate value
function based control approaches to stabilize humanoid robots on
bongoboards were presented in [14], while adaptive policy-mixing
control strategies for stabilizing humanoid robots on a seesaw were
presented in [15]. However, all these approaches used the environment information directly for feedback control.
This paper studies the balancing of simple planar bipedal robot
models, modeled as four-bar linkages, in dynamic, unstable environments like seesaw, bongoboard and board on a curved floor as shown
in Fig. 1. This paper derives output feedback controllers that successfully stabilize the seesaw, bongoboard and curved floor models using
only global robot information and without any direct feedback of the
dynamic environment, and hence demonstrates that direct feedback of
environment information is not essential for successfully stabilizing
the models considered in this paper (see Sec. IV). This paper also
presents an optimization to derive output feedback controllers that
maximize their robustness to disturbances, and analyzes and the
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Fig. 1: Balancing in different dynamic, unstable environments: (a)
Seesaw, (b) Bongoboard, and (c) Board on a curved floor.

robustness and performance of the derived controllers with similarly
derived robust LQR controllers (see Sec. V).
II. BACKGROUND : S TATIC O UTPUT F EEDBACK C ONTROL
A detailed survey of static output feedback control [16], [17]
can be found in [18]. This section briefly describes the convergent
iterative algorithm in [19] used in this paper for designing static
output feedback controllers, and more details can be found in [19].
Consider a continuous time-invariant linear system
ẋ

=

Ax + Bu,

y

=

Cx,

n×1

(1)
m×1

where x ∈ R
is the state vector, u ∈ R
is the control input
vector, and y ∈ Rp×1 is the output vector with p < n and rank(C)
= p. Without any loss of generality, the equilibrium state is given by
x = 0. The goal of static output feedback control is to find a timeinvariant output feedback gain matrix F ∈ Rm×p such that u = −F y
stabilizes the system in Eq. 1.
Given an output feedback gain matrix F ∈ Rm×p , its resulting
state feedback gain matrix is given by K = F C ∈ Rm×n .
Alternatively, given a state feedback gain matrix K ∈ Rm×n that
stabilizes the system in Eq. 1, the corresponding output feedback
controller can be derived as
F = KC † ,
†

(2)

n×p

where C ∈ R
is the Moore-Penrose pseudoinverse of the output
matrix C ∈ Rp×n . It is important to note that not all stabilizing state
feedback gains K result in stabilizing output feedback gains F given
by Eq. 2.
A stabilizing output feedback gain matrix F in Eq. 2 results
in a stable closed-loop system A − BF C. The singular value
decomposition of the output matrix C gives C = U SV T , where
S ∈ Rp×n is a rectangular diagonal matrix containing the singular
values of C, and U ∈ Rp×p , V ∈ Rn×n are unitary matrices,
T
T
i.e., U T U = U U
V = V V T = In . Moreover,
 = Ip and Vn×p
V = V1 V2 , where V1 ∈ R
and V2 ∈ Rn×(n−p) . Using
this, one gets
A − BF C = A − BKC † C

= A − BKV S † U T U SV T
= V (V T AV − V T BKV S † S)V T




 Ip 0
= V Â − B̂ K̂1 K̂2
V T, (3)
0 0

where, Â = V T AV , B̂ = V T B, K̂1 = KV1 , K̂2 = KV2 , and
Ip ∈ Rp×p is the identity matrix. In order to avoid the loss of K̂2 in
Eq. 3, one needs to impose the constraint K̂2 = 0, i.e., KV2 = 0 ∈
Rm×(n−p) .
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The static output feedback stabilization problem can now be
formulated as the following constrained optimization problem of
finding a state feedback gain K:
Z ∞


minimize E
xT Qx + uT Ru dt ,
K

0

subject to

(4)

KV2 = 0,

Q ≥ 0, R > 0,
where, E[·] is the expected value, u = −Kx, and Q ∈ Rn×n and
R ∈ Rm×m are positive-semidefinite and positive-definite matrices
respectively. The optimal stabilizing state feedback gain K satisfying
the constraint KV2 = 0 will result in an optimal stabilizing output
feedback gain F given by Eq. 2.
The optimization problem in Eq. 4 is similar to that of a Linear
Quadratic Gaussian (LQG) optimal control [20] problem, which is
a combination of a Linear Quadratic Estimator (LQE) and a Linear
Quadratic Regulator (LQR). However in contrast to LQG, Eq. 4 is a
constrained optimization problem with constraints on the structure of
the state feedback gain K. A problem formulation similar to that of
LQG is chosen because the system in Eq. 1 has fewer outputs than
the states, and hence a state estimator is essential for implementing
full state feedback control. In order to solve Eq. 4, an initial posteriori
estimate of the error covariance is required and it is given by
X = E[x(0)x(0)T ] > 0,

(5)
n×n

where E[·] is the expected value and X ∈ R
is a symmetric,
positive definite matrix. More details on the LQG problem and its
solution can be found in [20].
Algorithm 1 presents the iterative convergent algorithm described
in [19] that solves the constrained optimization problem in Eq. 4.
The matrices Q, R in Eq. 4 and X in Eq. 5 are defined by the

Algorithm 1: Output Feedback Control Design
: Linear State Space Matrices {A, B, C}
User-defined Matrices Q, R, X
output : Output Feedback Control Gain F
function: F = OutputFeedback(A, B, C, Q, R, X )
begin
Do singular value decomposition of C and obtain V2
[U, S, V ] = svd(C )
input

1
2

V2 = V (:, p + 1 : n)

Solve algebraic Riccati equation for N and obtain the initial
stabilizing state feedback gain K0

3

AT N + N A − N BR−1 B T N + Q = 0

(6)

K0 = B T N

(7)

4

i=0

5

while ||Ki V2 || ≥ ǫ do
To get Yi and Pi , solve the following Lyapunov equations
(A − BKi )Yi + Yi (A − BKi )T + X = 0
(8)

6

T

(A − BKi ) Pi + Pi (A − BKi ) +

Get the gain increment


7

KiT RKi

Ki′ = R−1 B T P I − V2 V2T Y −1 V2

Update the gain

8

−1

V2T Y −1

Ki+1 = Ki + βi (Ki′ − Ki ),

such that βi > 0 and A − BKi+1 is stable
i=i+1

9

end
Get the output feedback gain F = Ki C † (Eq. 2)

10
11
12

end

+Q=0



(9)

(10)

(11)

user. The algorithm solves the algebraic Riccati equation in Eq. 6
to get the initial stabilizing state feedback gain K0 (Step 3) for the
system in Eq. 1. At every iteration i, the algorithm solves Lyapunov
equations in Eq. 8−9, and uses Eq. 10 (Step 7) to update the state
feedback gain such that Ki+1 in Eq. 11 stabilizes the system in
Eq. 1 and Ki+1 V2 → 0 as i → ∞. The algorithm iterates until
||Ki+1 V2 || < ǫ (Step 5), and the norm can be either L2 -norm or
Frobenius norm. Intuitively, at each iteration i, Algorithm 1 finds a
state feedback gain Ki that stabilizes the system in Eq. 1, and as i →
∞, it asymptotically tends to impose the constraint of Ki V2 = 0 so
that the corresponding output feedback gain Fi from Eq. 2 stabilizes
the system in Eq. 1.
For all results presented in this paper, the Frobenius norm is
used and ǫ is chosen to be 10−5 . The proof of convergence of
Algorithm 1 and the bounds on βi that guarantee the stability of
the closed loop system (Step 8) can be found in [19]. However, in
our implementation, the parameter βi in Step 8 starts with a value of
0.1 for each iteration, and is reduced by factors of 10 if the resulting
closed-loop system is unstable. This is computationally cheap and
allows Algorithm 1 to converge faster.
III. DYNAMIC ROBOT M ODELS
Since the tasks of interest in this work are predominantly lateral
balancing tasks, the planar bipedal robot model used in this paper
is limited to the coronal plane of a bipedal robot and is modeled
as a four-bar linkage with two position constraints and one angular
constraint at the pelvis. This robot model has one degree of freedom
(DOF) and four actuators corresponding to ankle and hip joints.
A. Bongoboard Model
The bongoboard is modeled as a rigid rectangular board with
rolling contact on top of a rigid cylindrical wheel. The board is
assumed to have negligible thickness. The bongoboard model is
derived with the following assumptions: (i) the robot’s feet are rigidly
attached to the board and cannot slide or lose contact, (ii) there is
no slip between the wheel and the board, or the wheel and the floor.
For all simulation results presented in this work, the event of the
board hitting the floor is ignored. The overall bongoboard model has
3-DOF, one for the planar bipedal robot and two for the bongoboard.
The bongoboard model represents a parallel system rigidly attached
at its feet and constrained at its pelvis. The left and right legs are
individually modeled as two links (link-1 and link-2) that are rigidly
attached to the board at their respective feet, and their end-points
are constrained at the pelvis with two position constraints and one
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Fig. 2: Bongoboard dynamic model: (a) With its configurations and
system parameters marked; and (b) With its five outputs used for output
feedback control marked.
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TABLE I: Nominal System Parameters for the Bongoboard Model
Parameter
Wheel Density
Wheel Radius
Wheel Mass
Wheel Moment of Inertia
Board Mass
Board Moment of Inertia
Board Length
Link-1 Mass
Link-1 Moment of Inertia
Link-1 Length
Link-2 Half Mass
Link-2 Half Moment of Inertia
Link-2 Half Length

Symbol
ρw
rw
mw
Iw
mb
Ib
lb
m1
I1
l1
m2
I2
l2

Value
200 kg·m−3
0.1 m
6.28 kg
0.035 kg·m2
2 kg
0.1067 kg·m2
0.8 m
15 kg
1 kg·m2
1m
15 kg
2 kg·m2
0.1 m

=

6×6

(12)

NΨ (q)

=

I6 − ΨT (q)ΨT # (q),

(21)

h(q, q̇)

=

ΨT (q)(µ(q, q̇) + η(q)),

(22)

where I6 ∈ R6×6 is the identity matrix. The above derivation
(Eq. 12−22) is similar to the one presented in [22].
The linear state space matrices corresponding to the state vector
x = [q T , q̇ T ]T ∈ R12×1 are:
"
#
06×6
I6
A =
∈ R12×12 ,
∂Φ(q,q̇,τ )
∂Φ(q,q̇,τ )
∂q

B

=



∂ q̇

06×4
∂Φ(q,q̇,τ )
∂τ



x=0,τ =0

∈ R12×4 .

(23)

x=0,τ =0

The constraints in Eq. 13 reduce the degrees of freedom of the
system and hence make the pair (A, B) in Eq. 23 not controllable.
Given an output matrix C ∈ Rp×12 , where rank(C) = p, the
state space realization {A, B, C} can be converted into its minimal (controllable and observable) realization {Am , Bm , Cm } using
Kalman decomposition [23], which provides an orthonormal state
transformation matrix Um ∈ R6×12 such that
Am

=

T
Um AUm
∈ R6×6 ,

Bm

=

Um B ∈ R6×4 ,

Cm

=

T
∈ Rp×6 .
CUm

(24)

The original realization of the bongoboard model in Eq. 23 with
twelve states is reduced to its minimal realization in Eq. 24 with only
six states, wherein six states corresponding to the three (two position
and one rotational) constraints in Eq. 13 have been removed.

(13)

In Eq. 12, λ ∈ R3×1 represents the vector of constraint forces
at the pelvis corresponding to the two position constraints and one
angular constraint, and does not represent the contact forces at the
feet. In this model, the contact forces at the feet are ignored since
the feet are assumed to be rigidly fixed to the board. For an actual
bipedal robot, this can be achieved by strapping the robot to the board
like in a snowboard.
Since the mass/inertia matrix M (q) is always a symmetric,
positive-definite matrix, it is always invertible. Therefore, from
Eq. 12,
q̈ = M −1 (q)(sTτ τ − c(q, q̇) − g(q)) + M −1 (q)Ψ(q)T λ.

(20)

6×1

where M (q) ∈ R
is the mass/inertia matrix, c(q, q̇) ∈ R
is
the vector of Coriolis and centrifugal forces, g(q) ∈ R6×1 is the
vector of gravitational forces, sτ = 04×2 I4 ∈ R4×6 is the
input coupling matrix, I4 ∈ R4×4 is the identity matrix, τ ∈ R4×1 is
the vector of actuator inputs, Ψ(q) ∈ R3×6 is the constraint matrix,
and λ ∈ R3×1 is the vector of Lagrange multipliers. The system
matrices in Eq. 12 have long symbolic expressions, and hence are
not presented here. The constraints given by Ψ(q)q̇ = 0 ∈ R3×1 are
differentiated to get
Ψ(q)q̈ + Ψ̇(q, q̇)q̇ = 0 ∈ R3×1 .

Φ(q, q̇, τ ),

where,

angular constraint. Figure 2(a) shows the bongoboard model along
with its configurations, and the nominal system parameters are listed
in Table I. The configuration vector of the bongoboard model is
given by q = [αw , αb , θ1l , θ1r , θ2l , θ2r ]T ∈ R6×1 , where αw is the
configuration of the wheel/cylinder, αb is the configuration of the
board relative to the wheel, θ1l , θ1r are the link-1 configurations of
the left and right legs respectively relative to the board, and θ2l , θ2r
are the link-2 configurations of the left and right legs respectively
relative to their first links.
The equations of motion are derived using Euler-Lagrange equations and can be written in matrix form as follows:
M (q)q̈ + c(q, q̇) + g(q) = sTτ τ + Ψ(q)T λ,

where MΨ (q) is known as the operational space inertia matrix [21],
and ΨT # is the generalized inverse of ΨT weighted by M −1 .
Combining Eq. 14 and Eq. 15, q̈ can be written as


q̈ = M −1 (q) NΨ (q)sTτ τ − c(q, q̇) − g(q) − h(q, q̇) ,

B. Seesaw and Curved Floor Models

(14)

The model of the planar bipedal robot on a seesaw and on a board
on top of a curved floor as shown in Fig. 1(b)−(c) have only 2-DOF,
one each for the planar bipedal robot and the board. Therefore, the
minimal system has only four states. These models can be derived
similar to the bongoboard model presented in Sec. III-A, wherein the
wheel configuration αw is omitted. However, for the seesaw model,
the board is attached to the floor at its center via a hinge joint,
whereas, for the curved floor model, the board has a rolling contact
on a rigid semicylinder. Just like the bongoboard model, both these
models assume that the robot’s feet are rigidly attached to the board,
and hence do not slide or lose contact.

(15)

IV. BALANCING WITHOUT D IRECT F EEDBACK OF E NVIRONMENT
I NFORMATION

Solving for λ from Eq. 13 and Eq. 14,
λ = −ΨT # (q)sTτ τ − µ(q, q̇) − η(q),
where,
MΨ (q)

=

(Ψ(q)M −1 (q)Ψ(q)T )−1 ,

ΨT # (q)

=

µ(q, q̇)

=

η(q)

=

MΨ (q)Ψ(q)M −1 (q),
(17)


−1
MΨ (q) Ψ̇(q, q̇)q̇ − Ψ(q)M (q)c(q, q̇) , (18)

−MΨ (q)Ψ(q)M −1 (q)g(q),

(16)

(19)

This section demonstrates that direct feedback of environment
information is not essential for successfully stabilizing bongoboard,
seesaw and curved floor models presented in Sec. III. The environment information for the bongoboard model consist of the wheel
angle αw and the board angle αb relative to the wheel, while that for
the seesaw and curved floor models consists of only the board angle
αb .
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where xp , ẋp are the global position and velocity of the pelvis
respectively, θ1r , θ̇1r are the angle and angular velocity of the right
link-1 respectively, and αf is the global foot angle as shown in
Fig. 2(b).
The global foot angle αf and global position and velocity of
the pelvis (xp , ẋp ) can be estimated using an inertial measurement
unit [24], [25] at the pelvis. It is important to note that these outputs
can be measured or estimated without using direct measurements of
the environment, i.e., wheel angle αw and board angle αb relative
to the wheel. The corresponding output matrix C ∈ R5×12 can be
used in Eq. 24 to derive the minimal system {Am , Bm , Cm } with
Cm ∈ R5×6 .
If there exists a set of Q, R (Eq. 4) and X (Eq. 5) matrices for
which Algorithm 1 finds a stabilizing output feedback controller for
the minimal bongoboard model with the five outputs in Eq. 25 that
do not directly use the environment information, then this shows
that direct feedback of environment information is not essential for
stabilizing the bongoboard model in Sec. III-A.
In fact, with identity matrices chosen for R and X, there exists
a large family of Q matrices for which stabilizing output feedback
controllers can be derived for the bongoboard model in Sec. III-A.
Section V presents an algorithm that finds a Q matrix such that
the resulting closed-loop system with output feedback is robust
to disturbances. For one such Q matrix, Fig. 3(a) shows semilogarithmic plots of the Frobenius norm ||KV2 ||F with increasing
iterations of Algorithm 1 for the bongoboard model with five, four
and three outputs. Figure 3(a) demonstrates that the first three outputs
in Eq. 25, i.e., [xp , ẋp , θ1r ], are sufficient to design stabilizing output
feedback controllers for the bongoboard model.
B. Seesaw and Curved Floor Models
Since both seesaw and curved floor models have four minimal
states, one can use a maximum of three outputs for the output
feedback control design. Here, the output vector y ∈ R3×1 is chosen
as

T
y = xp ẋp θ1r
,
(26)

where xp , ẋp are the global position and velocity of the pelvis
respectively, and θ1r is the right link-1 angle as shown in Fig. 2(b).
These three outputs match the first three outputs in Eq. 25, and
are not obtained using any direct measurement of the environment,
i.e., board angle αb . Figure 3(b) shows semi-logarithmic plots of the
Frobenius norm ||KV2 ||F with increasing iterations of Algorithm 1
for seesaw and curved floor models.
Figure 3 shows that the three outputs in Eq. 26 that do not include
direct environment information are sufficient to successfully stabilize
the bongoboard, seesaw and curved floor models considered in this
paper. This shows that direct feedback of environment information
is not essential for balancing in dynamic, unstable environments
considered in this paper.
It is to be noted that although the output feedback controllers with
three outputs (Eq. 26) derived in this paper for the bongoboard,
seesaw and curved floor models feedback the same outputs, the
controllers are different from each other and are derived using their

5 outputs
4 outputs
3 outputs

80
40
0

90
||KV2 ||F

Algorithm 1 requires the number of outputs to be fewer than the
number of states, i.e., p < n, and the output matrix C ∈ Rp×n must
be of full row rank, i.e., rank(C) = p. Therefore, for the bongoboard
model with six minimal states, one can pick a maximum of five
outputs. Here, the output vector y ∈ R5×1 is chosen as

T
y = xp ẋp θ1r θ̇1r αf
,
(25)

120
||KV2 ||F
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Fig. 3: Semi-logarithmic plots of the Frobenius norm ||KV2 ||F converging to zero producing stabilizing output feedback controllers using
Algorithm 1: (a) Bongoboard model with different number of outputs,
and (b) Seesaw and curved floor models with three outputs.

respective models. However, it is actually possible to design a single
output feedback controller that can stabilize all the three models
with the same outputs, and a detailed description of such a control
design is presented in [26]. In this paper, we restrict our study to
demonstrating that dynamic, unstable systems like the bongoboard,
seesaw and curved floor models in Fig. 1 can be stabilized without
direct feedback of environment information.
V. ROBUST O UTPUT F EEDBACK C ONTROL D ESIGN
Section IV demonstrated that Algorithm 1 can be used to derive
output feedback controllers that successfully stabilize the bongoboard, seesaw and curved floor models without direct feedback of
environment information. Since disturbance rejection is a key feature of any stabilizing controller, this section focuses on deriving
stabilizing output feedback controllers that are robust to disturbances
on the board. The presented approach, however, is not limited to
disturbances on the board and can include other disturbances as well.
Given the user defined matrices Q, R (Eq. 4) and X (Eq. 5),
Algorithm 1 derives a stabilizing output feedback controller. For all
results presented in this paper, the matrices R, X are chosen to
be identity matrices. Therefore, in this case, the only free, tunable
parameter in Algorithm 1 is the state gain matrix Q ∈ Rn×n .
This section formulates the robust output feedback controller design
problem as a problem of finding the Q matrix in Eq. 4 such that
the resulting closed loop system with output feedback is robust to
disturbances on the board.
A. Disturbance H∞ norm
Given the system {A, B, C} in Eq. 1 and a stabilizing output
feedback gain F ∈ Rm×p , the linear state space matrices of the
closed loop system used for disturbance rejection analysis are:
Ad

=

Bd

=

Cd

=

A − BF C ∈ Rn×n ,


0
−1
T
M (q)NΨ (q)sd
I ∈ Rn×n ,

∈ Rn×1 ,
q=0

(27)

where q is the vector of generalized coordinates, M (q) is the
mass/inertia matrix, NΨ (q) is of the form shown in Eq. 21, and sd is
the disturbance transfer matrix, and is similar to the input coupling
matrix sτ in Eq. 12. The disturbance torque on the board is the input
to the system in Eq. 27, and all states are chosen as the outputs. Just
like in Eq. 20, sTd maps the input (disturbance torque on the board) to
a vector of generalized forces, and M −1 (q)NΨ (q) maps the resulting
vector of generalized forces to a vector of generalized accelerations.
Since we are interested only in disturbances on the board, the disturbance transfer matrix is chosen to be sd = [0, 1, 0, 0, 0, 0] ∈ R1×6
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TABLE II: Disturbance Rejection: LQR vs Output Feedback (OFC)

System

Bongoboard

The norm ||Gd ||∞ represents the sensitivity of all states of the
system to the disturbance on the board. Lower the norm, lower is the
sensitivity and more robust is the output feedback controller to the
disturbances on the board. Hence, it is desirable to reduce ||Gd ||∞
to design robust output feedback controllers.

minimize
{ai }

J = ||Gd ||∞ + w||K||∞ ,

(30)

where, w is an user-defined weight, K = F C, F is the output
feedback gain derived using Algorithm 1, and Gd is the transfer
function from the disturbance torque on the board to the outputs of
the closed loop system shown in Eq. 28. The term ||K||∞ is used as
a regularizer to avoid high gain controllers that produce large torque
outputs. This can also be achieved by using ||Q||∞ instead of ||K||∞ .
For all results presented in this paper, the weight w is chosen
to be 10−5 , and the optimization is performed using the NelderMead simplex method [27], which solves the optimization in Eq. 30
using only functional evaluations. The Nelder-Mead simplex method
is chosen because the objective function J in Eq. 30 has no closedform representation in terms of the parameters {ai } of Q in Eq. 29,
and hence its Jacobians and Hessians cannot be computed for use
with other gradient-based algorithms.
VI. ROBUSTNESS A NALYSIS AND S IMULATION R ESULTS
This section analyzes the robustness of the robust output feedback
controllers derived in Sec. V, and presents simulation results that
validate their robustness and performance in stabilizing the nonlinear
dynamics of bongoboard, seesaw and curved floor models. Moreover,
this section compares the robustness of the robust output feedback
controllers to disturbances and modeling uncertainties with that
of similarly derived robust linear quadratic regulators (LQR). The
Q matrices for the LQR controllers with full state feedback are
obtained using an optimization similar to Eq. 30, and hence the
LQR controllers are also robust to disturbances on the board. The
constrained nonlinear dynamics of the seesaw, curved floor and

LQR
OFC (5
OFC (4
OFC (3
LQR
OFC (3
LQR
OFC (3

Disturbance Rejection
Max. Disturbance
Torque for 0.1 s
0.6313
109.8 Nm
0.6783
87.2 Nm
3.4963
57.4 Nm
3.5649
54.5 Nm
0.3802
73.8 Nm
0.4748
60.7 Nm
0.1503
146.7 Nm
0.2109
194.8 Nm

||Gd ||∞

outputs)
outputs)
outputs)
outputs)
outputs)

bongoboard models are simulated in MATLAB using ode15s, and
the actuator torques are limited to ±200 Nm. Moreover, the joint
angle limits are set to ±50◦ . The simulation stops when the joint
angles hit their limits, and it is considered as a failure.
A. Robustness to Disturbances on the Board
The disturbance rejection results of the robust LQR and output
feedback controllers with different number of outputs derived using
the optimization in Eq. 30 are presented in Table II. The listed
disturbance H∞ norms are calculated using Eq. 28 of the linearized
system, whereas the maximum disturbance torques on the board for
0.1 s that the controllers can successfully reject are obtained from
nonlinear simulations of the different models.
Table II shows that the robust LQR controllers result in a smaller
||Gd ||∞ and successfully reject larger disturbances than the robust
output feedback controllers. It is important to note that the robust
LQR controllers were also derived using an optimization similar
to the one used for deriving the robust output feedback controllers
(Eq. 30). In addition to being optimized for robustness to disturbances
on the board, the robust LQR controllers have full state feedback and
hence, perform better than the robust output feedback controllers that
use fewer outputs than states. However, Table II also shows that the
best performing robust output feedback controller is able to reject
about 80% of the disturbance torque that the best performing robust
50

50

Board
Link-1

25

Angle (◦ )

and the matrix Qm ∈ R6×6 corresponding to the minimal system
T
{Am , Bm , Cm } in Eq. 24 is obtained as Qm = Um QUm
. The
10×10
matrix Q ∈ R
for the seesaw and curved floor models are also
parametrized similarly. As mentioned earlier, the other user-defined
matrices Rm and Xm corresponding to the minimal system are
chosen to be identity matrices. For a given Qm , the output feedback
control gain F for the minimal system is obtained using Algorithm 1.
The robust output feedback control design is formulated as an optimization problem of finding the parameters {ai } of Q in Eq. 29 such
that the resulting stabilizing output feedback controller minimizes the
disturbance H∞ norm of its closed loop system in Eq. 28 as follows:

Curved Floor

Angle (◦ )

In this work, the matrix Q ∈ R12×12 for the bongoboard model
in Sec. III-A is chosen to be a diagonal matrix, with equal weights
for the configurations of the left and right legs. Therefore, the matrix
Q ∈ R12×12 for the bongoboard model is parameterized by eight
parameters as follows:

Q = diag [a1 , a2 , a3 , a3 , a4 , a4 , a5 , a6 , a7 , a7 , a8 , a8 ]T , (29)
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for the bongoboard model and sd = [1, 0, 0, 0, 0] ∈ R1×5 for the
seesaw and curved floor models.
d
d
Using the minimal realization {Adm , Bm
, Cm
} of the system
d
d
d
{A , B , C } in Eq. 27, the transfer function Gd from the disturbance on the board to all states can be written in matrix form as:
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d
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.
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Fig. 4: Output feedback controllers’ successful efforts in stabilizing
seesaw and curved floor models with three outputs when subjected to
the following disturbances for 0.1 s: (a) 60.7 Nm, and (b) 194.8 Nm.
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